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A B S T R A C T

Droplet solidification is governed by classical Stefan problems which have been commonly treated as a single-
phase problem by the majority of the studies in the literature. This approach, however, is unable to capture
the initial temperature and the start of freezing time correctly. The treatment of two-phase Stefan problem in
spherical coordinates is limited. No known exact solution exists, albeit numerical solutions and asymptotics
have proven to be useful. We present a singular perturbation solution in the limit of low Stefan number and
arbitrary Biot number for the two-phase Stefan problem in a finite spherical domain. An asymptotic solution
is developed for a droplet at a non-freezing initial temperature subjected to a convective boundary condition
at the surface. The solution is developed for both long-time and short-time scales. The results from asymptotic
expansion method are validated with the experimental results in the literature and are further verified by
a numerical model of a freezing droplet using enthalpy–porosity method. The sensitivity of the asymptotic
solution to the droplet initial temperature, Biot number, and Stefan number has also been studied. The results
indicate that the solution from perturbation series and enthalpy–porosity method agrees to within 1%–10%
for temperature profile and overall freezing times over a wide range of practical values for initial temperature,
Stefan and Biot numbers for the application of spray freezing. Our perturbation series solution is also able to
capture the effect of initial temperature on the overall freezing time of the droplet.
1. Introduction

Solid–liquid phase-change process in a sphere has widespread ap-
plications in atmospheric sciences [1,2], underground mine ventilation
(spray freezing heating and cooling) [3,4], pharmaceuticals (spray
crystallization) [5,6], food processing industry [7,8], and phase-change
materials [9,10], thus making it an important problem to investigate.
Stefan problem has been extensively used in the literature to study
the phase-change behavior in pure materials and binary alloys. Several
analytical [11–14], numerical [7,15–18] and experimental studies [7,
19–23] have been undertaken in the literature to investigate the ther-
mal and the phase-change behavior in a droplet which is of critical
importance for efficient design in many engineering applications. Ana-
lytical, semi-analytical and hybrid analytical–numerical methods have
the advantage of allowing the engineers and computational scientists
to expedite the design process by using quick-to-obtain solutions from
such approaches.

Stefan problem has been extensively tackled for a variety of geomet-
rical configurations and material types. For infinite and semi-infinite
domains in the planar case, exact solutions by similarity transforma-
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tions exist and have been well documented [24–27]. However, the
Stefan problem in spherical and cylindrical configuration cannot be
closed analytically to the best of our knowledge. In such configurations
it is convenient to use asymptotics, hybrid analytical–numerical, and
numerical methods to get approximate solutions.

Perturbation series analysis for Stefan problem has proven to be
an effective and versatile tool in developing accurate solutions for a
wide variety of boundary conditions. The method, explored in depth
by Nayfeh [28] in solid mechanics, Van Dyke in fluid mechanics [29]
and Aziz [30] in heat transfer applications, uses a power series ex-
panded around a small (perturbation) parameter to obtain approximate
solutions to the governing partial differential equations (PDEs). Pertur-
bation techniques can be mainly categorized as parameter perturbation
and coordinate perturbation. This distinction depends on the pertur-
bation parameter selected. Each of these expansions can be further
categorized into regular and singular perturbations. Regular pertur-
bation is used if the expansion is uniformly valid, whereas singular
perturbation is required for the cases where the expansion blows up
in a certain time and/or length scales [30,31]. As pointed by several
studies in the literature [12,14,32,33], the inwards droplet freezing
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Nomenclature

�̇� Heat flux [W/m2]
Bi Biot number
Fo Fourier number
Gr Grashoff number
Nu Nusselt number
Pr Prandtl number
Re Reynolds number
Ri Richardson number
Sc Schmidt number
Sh Sherwood number
Ste Stefan number
𝑎 Droplet radius [m]
𝑐 Specific heat [kJ∕(kg K)]
𝐷𝑎𝑏 Mass diffusivity [m2∕s]
𝐻 Total enthalpy [J/kg]
ℎ Heat transfer coefficient [W∕(m2 K)]
𝑘 Thermal conductivity [W∕(m K)]
𝐿 Latent heat of fusion [kJ/K]
𝑙 Length [m]
𝑃 Pressure [Pa]
𝑟 Radial coordinate [m]
𝑟𝑖 Interface location [m]
𝑇 Temperature [K]
𝑡 Time [s]
𝑣 Air velocity [m]

Greek Symbols

𝛼 Ratio of thermal diffusivity
𝛽 Eigenvalues
𝜖 Emissivity
𝜂 Dimensionless coordinate in liquid phase
𝛾 Liquid fraction
𝜇 Dynamic Viscosity [kg∕(m s)]
𝜌 Density [kg/m3]
𝜎 Boltzmann Constant [m2 kg∕(s2 K)]
T Dimensionless stretched time
𝜏 Dimensionless time
𝜃 Dimensionless temperature
𝜉 Dimensionless coordinate in solid phase
𝜁 Dimensionless interface location

Superscripts and subscripts

∗ Dimensionless coordinate
̄ Inner expansion
∞ Free stream
𝑐 Characteristic
𝑑 Droplet
𝑒𝑞 Equivalent
𝑓 Fusion
𝑖 Initial
𝑙 Liquid
𝑙𝑖𝑞 Liquidus
𝑛 Order of perturbation
𝑠 Solid
𝑠𝑜𝑙 Solidus
𝑠𝑤 Saturated water
𝑣 Vapor
2

problem has singularity near the center of the droplet. Thus, the sin-
gular perturbation approach is most suitable to obtain uniformly valid
solutions.

The single-phase Stefan problem in a sphere has been mostly stud-
ied in the literature by the singular perturbation method. Through
the methods of strained coordinates [34–36] and matched asymp-
totics [13,33,37,38] numerous studies have investigated the interface
movement and freezing times for several boundary conditions. Pedroso
& Domoto [34] used the method of strained coordinates to obtain the
temperature distribution and freezing times for both outwards and in-
wards solidification in a sphere subjected to constant wall temperature.
Prud’Homme [35] and Parang et al. [36] also used the same technique
in a sphere for constant temperature, heat flux, convective and radiative
boundary conditions. The method of strained coordinates is a robust
singular perturbation technique to obtain uniformly valid solution.
However, the method yields incorrect results for times approaching
the final freezing time as pointed out by McCue et al. [12]. Hence, in
this study the method of matched asymptotics is preferred to tackle
singularity occurred at the initial time.

Matched asymptotics has been widely applied to the Stefan problem
owing to its physically intuitive deconstruction of the spatial and
temporal scales in a finite, radially symmetric domain. The approach
requires obtaining separate solutions for each of the spatio-temporal
layer and then matching the solutions at the interface of those layers us-
ing Van Dyke’s rule [29] or other matching principles. Riley et al. [13]
estimated the solidification time, interface motion and temperature
field in a sphere for the single-phase Stefan problem. The analysis
was further refined by Soward [37], and Sewartson & Waechter [38].
Another study by Tabakova et al. [33] analyzed the Stefan problem in a
sphere with convective boundary condition and recalescence, the latter
of which was incorporated through defining an effective latent heat.

While the single-phase Stefan problem in a sphere has received a lot
of analytical, semi-analytical and numerical treatment in the literature,
the perturbation analysis for two-phase Stefan problem has received
limited attention. Majority of the studies justify using single-phase
Stefan problem because of the weak dependency of liquid phase tem-
perature gradient on the interface propagation for low Stefan numbers
(latent heat dominated). This assumption is somewhat justified if the
initial temperature of the droplet is close to freezing temperature [12].
However, as the recent results presented by Dehghani et al. [16] show,
for high initial droplet temperature the thermal gradients in the liquid
phase can impact the interface location and overall freezing times.
Thus, it is important to consider temperature gradients in both solid
and liquid phases for such conditions.

Jiji & Weinbaum [14] were amongst the first to apply singular
perturbation series to a two-phase Stefan problem using boundary
fixing transformation. Their analytical model was applied to concentric
cylindrical geometry with isothermal and insulation boundary condi-
tion at the inner surface. The model took into account the effect of
initial droplet temperature on the temperature field and freezing times.
Kucera & Hill, [39] extended the analysis to spheres and computed
the radial temperature profile and interface motion for both melting
and freezing problems. McCue et al. [12] developed an extensive
spatio-temporal framework to analyze the two-phase Stefan problem
for constant temperature boundary condition. Their notable contribu-
tion to the previous studies was the introduction of a very small time
scale to study the coupling of liquid and solid phases and identifying
the time scales in which those phases decouple. More recently, Planella
et al. [40] extended the analysis of McCue et al. [12] and incorporated
the effect of impurities and constitutional supercooling on the solidifi-
cation process. They presented a detailed break down of different time
and length scales that are critical to analyzing the freezing behavior.

Based on the review of the work done on two-phase Stefan prob-
lems, there are several gaps in the literature that need to be addressed.
Firstly, to the best our knowledge, there is no current study that

asymptotically investigates the effect of convective boundary condition
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for a two-phase Stefan problem for finite, symmetric, spherical domain.
While Tabakova et al. [33] did devise the asymptotic analysis for a
finite sphere under the convective boundary condition, their solution
was for a single-phase Stefan problem with constant density assumption
in both phases. They also did not take into account the effect of
initial temperature, supercooling, and phase-dependent thermophysical
properties on freezing time. Jiji & Weinbaum [14], Kucera & Hill [39],
McCue et al. [12] and Planella et al. [40] considered the constant
temperature boundary condition on the surface of the sphere whereas
most of these studies did not consider the impact of initial temperature
and convective boundary condition on the overall freezing time of a
sphere. Our study fills these gaps by developing and verifying a per-
turbation series solution for a two-phase Stefan problem subjected to a
convective boundary condition for variable initial droplet temperature,
and phase-dependent thermophysical properties.

Secondly, the perturbation series solution developed in the litera-
ture for droplet freezing are rarely validated. Here, we validate our
perturbation series solution with experimental results from Hindmarsh
et al. [7]. We extend the approach introduced by Jiji & Weinbaum [14]
to the spherical finite geometry with mixed boundary condition at the
surface. The study presents a unique approach to model different freez-
ing stages of a droplet and obtain a uniformly valid solution. The results
from the analytical model are verified with results from the fixed-grid
enthalpy porosity numerical model [41] using a finite volume dis-
cretization approach and numerical results from Dehghani et al. [16].
The temperature profile and freezing times are also validated with the
experimental results of Hindmarsh et al. [7].

The outline of the paper is as follows. In Section 2, we present the
governing equations, boundary conditions, underlying assumptions in
our model and modeling analysis for three different stages of a droplet
freezing, namely liquid sensible cooling, phase-change and solid sub-
cooling. The phase-change modeling approach presented in this section
employs a boundary fixing transformation to address the non-linearity
in the interface boundary condition. In Section 3, the perturbation
series expansion is developed for a small Stefan approximation and
the response of the governing equations for quasi-steady (long-time
scale) and quasi-stationary (short-time scale) is studied in depth. Sec-
tion 4 presents the governing equations, boundary conditions, thermal
properties and numerical methodology for the enthalpy–porosity tech-
nique [41] used in our numerical model. In Section 5, we verify and
validate our results and further study their usefulness for the appli-
cation of spray freezing for different cases of initial temperature, Biot
and Stefan numbers. Lastly, Section 6 presents the main conclusion of
the study and highlights the usefulness of the results obtained while
outlining the future directions for the possible extension of this work.

2. Analytical treatment of droplet solidification

This section presents the physical and mathematical model along
with the detailed development of perturbation series solution for the
solidification problem in a droplet. This study considers the spatial gra-
dients in both phases and thus requires assumptions for mathematical
simplification. The following assumptions have been made to simplify
the analytical analysis:

(i) The spatial gradients for the analytical solution are assumed to
be in radial direction only (i.e., droplet symmetry);

(ii) Phase-dependent thermophysical properties are used for solid
and liquid phases. However, the temperature dependency of the
properties within each phase is neglected;

(iii) Modeling of nucleation and recalescence dynamics is not in-
cluded;

(iv) The conditions for equilibrium freezing model is assumed
(i.e., the temperature at the interface is considered to be constant
𝑇𝑓 = 273.15 K);

(v) A sharp interface is assumed between liquid and solid phases;
3

and
Table 1
Thermo-physical properties for the base case used for validation [7]. Air properties are
evaluated at 258.15 K.

Property Value Unit

𝜌𝑎𝑖𝑟 1.125 kg/m3

𝑘𝑎𝑖𝑟 2.3125 × 10−2 W/(m K)
𝜇𝑎𝑖𝑟 1.68 × 10−5 kg/(m s)
ℎ𝑒𝑞 127 W/(m2 K)
𝑐𝑝,𝑙 4.2 kJ/(kg K)
𝑐𝑝,𝑠 2.1 kJ/(kg K)
𝑘𝑙 0.6 W/(m K)
𝑘𝑠 2.22 W/(m K)
𝛼𝑙 1.362 × 10−7 m2/s
𝛼𝑠 1.182 × 10−6 m2/s
𝑇𝑖 280.85 K
𝑇𝑓 273.15 K
𝑇∞ 258.15 K
𝐿 334 kJ/(kg K)
𝑎 0.78 mm
𝑣 0.54 m/s
Ste 0.092 –
Bi 0.059 –

(vi) Natural convection inside the melt is neglected since the
Richardson number, Ri = Gr∕Re2 ≪ 1, where Gr is the Grashoff
number and Re is Reynolds number.

he subsequent section presents the governing equation and boundary
onditions that form the basis of this problem.

.1. Governing equations

The freezing problem for a droplet is governed by transient heat
onduction equation in spherical coordinates. For uniform boundary
onditions, the heat transfer gradients in azimuthal and polar directions
an be ignored and the resulting one-dimensional (1-D) transient heat
onduction equation is given as follows:

𝜕𝑇𝑙
𝜕𝑡

= 𝛼𝑙

(

𝜕2𝑇𝑙
𝜕𝑟2

+ 2
𝑟
𝜕𝑇𝑙
𝜕𝑟

)

, (1)

𝜕𝑇𝑠
𝜕𝑡

= 𝛼𝑠

(

𝜕2𝑇𝑠
𝜕𝑟2

+ 2
𝑟
𝜕𝑇𝑠
𝜕𝑟

)

. (2)

The schematic diagram for the phase-change problem is given in
Fig. 1. This study focuses on the spray freezing application, where
the thermal interaction between the droplet and the surrounding en-
vironment is primarily dominated by forced convection on the external
surface.

Droplet freezing is characterized into three sequential stages to
assist with the mathematical analysis and physical interpretation of the
results. These three stages namely liquid sensible cooling, phase-change
and solid sub-cooling are analyzed further in the following subsections.
The boundary conditions for Eqs. (1), (2) depend on the freezing stage
and are thus presented in the relevant subsections.

For the validation and verification of these results, we have chosen
the base case of the experimental study of Hindmarsh et al. [7], which
considers the convective freezing of a liquid droplet with a diameter
of 780 μm in a sub-cooled air at 258.15 K. The thermal properties and
operating conditions are listed in detail in Table 1.

2.2. Liquid sensible cooling

The temperature response in the solid and liquid domain far from
the moving interface can be solved using transient heat conduction
equation. A similar concept of demarcation of a finite phase-change
domain in spherical coordinates was proposed by McCue et al. [12] and
further formalized by Planella et al. [40] who divided the domain into
different regions based on their proximity to the interface (boundary

layers) for different time scales. For the region and times far from
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Fig. 1. Schematic of the droplet subjected to convective boundary condition during the spray freezing process.
phase-change, the heat transfer in the liquid phase is governed by the
1-D transient heat conduction equation. Thus, at an initial temperature
𝑇 (𝑟, 0) = 𝑇𝑖, Eq. (1) is subjected to the Boundary Conditions (BCs) and
the Initial Condition (IC) laid down as follows:

−𝑘𝑙
𝜕𝑇𝑙
𝜕𝑟

|

|

|(𝑎,𝑡)
= ℎ𝑒𝑞(𝑇𝑙(𝑎, 𝑡) − 𝑇∞), (3a)

𝜕𝑇𝑙
𝜕𝑟

|

|

|(0,𝑡)
= 0, (3b)

𝑇𝑙(𝑟, 0) = 𝑇𝑖. (3c)

For a more concise analysis, the independent variables in Eqs. (1) and
(3) should be non-dimensionalized. Using 𝜃 = (𝑇 −𝑇∞)∕(𝑇𝑖 −𝑇∞) as the
dimensionless temperature profile, 𝑟∗ = 𝑟∕𝑎 as the dimensionless radial
coordinate, and Fo = 𝑡𝛼𝑙∕𝑎2 as the dimensionless time for the liquid
phase we get the following set of equations

𝜕𝜃
𝜕Fo

=
(

𝜕2𝜃
𝜕𝑟2

+ 2
𝑟∗

𝜕𝜃
𝜕𝑟∗

)

, (4)

with the BCs and IC transforming as

𝜕𝜃
𝜕𝑟∗

|

|

|(1,Fo)
= −Bi𝜃(1,Fo), (5a)

𝜕𝜃
𝜕𝑟∗

|

|

|(0,Fo)
= 0, (5b)

𝜃𝑙(1, 0) = 𝜃𝑖. (5c)

In Eq. (5a), Bi = ℎ𝑒𝑞𝑙𝑐∕𝑘, is the Biot number that quantifies the ratio
of conductive thermal resistance to convective thermal resistance. The
solution to the Eq. (4) subjected to the conditions in Eq. (5) is well
known in the heat transfer literature [42] and is of the following
form:

𝜃 =
∞
∑

𝑛=1
𝐴𝑛𝑒

−𝛽2𝑛Fo𝑓𝑛(𝛽𝑛, 𝑟∗), (6a)

𝐴𝑛(𝛽𝑛) =
2(sin 𝛽𝑛 − 𝛽𝑛 cos 𝛽𝑛)
𝛽𝑛 − sin 𝛽𝑛 cos 𝛽𝑛

, (6b)

𝑓𝑛(𝛽𝑛, 𝑟∗) =
sin[𝛽𝑛𝑟∗]
𝛽𝑛𝑟 ∗

. (6c)

The eigenvalues 𝛽𝑛 are governed by the following transcendental equa-
tion:

𝛽 cos 𝛽 + (Bi − 1) sin 𝛽 = 0. (7)

For an accurate estimation of the temperature profile, the number
of eigenvalues should be high. We have used the Scipy module [43]
in Python to compute the first 50 eigenvalues of the transcendental
equation given by Eq. (7). The model presented above can also be used
to capture supercooling, provided that we have a priori knowledge of
the nucleation temperature from experiments.
4

2.3. Phase change

The governing equations for the phase-change process during the
freezing of a droplet are the same as given in Eqs. (1), (2). However,
because of the inward moving interface, the domain of both liquid and
solid phase is dynamic. The schematic is given in Fig. 1. For this stage
the solid and liquid phases coexist and for the problem of inwards
freezing only the solid surface is in contact with the cold environment.
The BCs and the ICs for Eqs. (1), (2) are as follows. For the liquid phase:

𝜕𝑇𝑙
𝜕𝑟

|

|

|(0,𝑡)
= 0, (8a)

𝑇𝑙(𝑟𝑖, 𝑡) = 𝑇𝑓 , (8b)

𝑇𝑙(𝑟, 0) = 𝑇𝑖 > 𝑇𝑓 . (8c)

For the solid phase:

−𝑘𝑠
𝜕𝑇𝑠
𝜕𝑟

|

|

|(𝑎,𝑡)
= ℎ𝑒𝑞(𝑇𝑠(𝑎, 𝑡) − 𝑇∞), (9a)

𝑇𝑠(𝑟𝑖, 𝑡) = 𝑇𝑓 . (9b)

To resolve the motion of the interface between liquid and solid, the
interface energy balance must be taken into account. For a two-phase
Stefan problem the interface energy balance yields

𝑘𝑠
𝜕𝑇𝑠
𝜕𝑟

|

|

|(𝑟𝑖 ,𝑡)
− 𝑘𝑙

𝜕𝑇𝑙
𝜕𝑟

|

|

|(𝑟𝑖 ,𝑡)
= 𝜌𝐿

𝑑𝑟𝑖
𝑑𝑡

, (10)

which is subjected to the initial condition

𝑟𝑖(0) = 𝑎. (11)

It is important to mention here that in the Eq. (8c), 𝑇𝑖 is assumed to be
spatially constant for this study. This assumption is undertaken to aid
with the perturbation analysis presented in Section 3. In later sections
it will be shown that this assumption allows us to capture the effect of
initial temperature on the interface motion as given by Eq. (75) and
leads to a good comparison with the experimental temperature profile
illustrated in Fig. 5.

2.3.1. Non-dimensionalization and immobilization
Eqs. (1), (2) in conjunction with the BCs and the IC given in

Eqs. (8), (9), govern the solution to the two-phase Stefan problem. It
is analytically feasible to re-define the moving boundary problem into
a fixed boundary problem by transforming the coordinates. For this
transformation we need to define the dimensionless parameters first

𝜃𝑠 =
𝑇𝑠(𝑟, 𝑡) − 𝑇∞
𝑇𝑓 − 𝑇∞

, 𝜃𝑙 =
𝑘𝑙(𝑇𝑙(𝑟, 𝑡) − 𝑇𝑓 )
𝑘𝑠(𝑇𝑓 − 𝑇∞)

, 𝛼 =
𝛼𝑠
𝛼𝑙

,

Ste =
𝑐𝑝,𝑠(𝑇𝑓 − 𝑇∞)

, Bi = ℎ𝑎 , 𝜏 =
Ste𝛼𝑠𝑡 .

(12)
𝐿 𝑘𝑠 𝑎2
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The immobilized and dimensionless coordinates used for the transfor-
mation are defined as

𝜉 = 𝑎 − 𝑟
𝑎 − 𝑟𝑖(𝑡)

, 𝜂 =
𝑟𝑖(𝑡) − 𝑟
𝑟𝑖(𝑡)

, 𝜁 =
𝑎 − 𝑟𝑖(𝑡)

𝑎
. (13)

Substituting these parameters in Eqs. (1), (2) we get:

𝜕2𝜃𝑠
𝜕𝜉2

−
2𝜁

1 − 𝜁𝜉
𝜕𝜃𝑠
𝜕𝜉

= Ste
[

𝜁2
𝜕𝜃𝑠
𝜕𝜏

− 𝜉𝜁
𝜕𝜃𝑠
𝜕𝜉

𝑑𝜁
𝑑𝜏

]

, 0 < 𝜉 < 1

𝜕2𝜃𝑙
𝜕𝜂2

− 2
1 − 𝜂

𝜕𝜃𝑙
𝜕𝜂

= Ste𝛼
[

(1 − 𝜁 )2
𝜕𝜃𝑙
𝜕𝜏

− (1 − 𝜂)(1 − 𝜁 )
𝜕𝜃𝑙
𝜕𝜂

𝑑𝜁
𝑑𝜏

]

, 0 < 𝜂 < 1.

(14)

he BCs and IC given in Eqs. (8), (9) transform into

1
𝜁
𝜕𝜃𝑠
𝜕𝜉

|

|

|(0,𝜏)
− Bi𝜃𝑠(0, 𝜏) = 0, 𝜃𝑠(1, 𝜏) = 1,

𝜕𝜃𝑙
𝜕𝜂

|

|

|(1,𝜏)
= 0, 𝜃𝑙(0, 𝜏) = 0,

𝜃𝑙(𝜂, 0) = 𝜃𝑖, 𝜃𝑖 =
𝑘𝑙(𝑇𝑖 − 𝑇∞)
𝑘𝑠(𝑇𝑓 − 𝑇∞)

.

(15)

The resulting interface energy balance equation and the boundary
condition is given by
𝜕𝜃𝑠
𝜕𝜉

|

|

|(1,𝜏)
−

𝜁
1 − 𝜁

𝜕𝜃𝑙
𝜕𝜂

|

|

|(0,𝑡)
= 𝜁

𝑑𝜁
𝑑𝜏

,

𝜁 (0) = 0.
(16)

2.4. Solid sub-cooling

After the core has completely frozen, the solidified droplet still
undergoes sub-cooling till it reaches in equilibrium with its surrounding
temperature. To get an idea of whether resolving the spatial gradients
within the solidified droplet (ice) is important or not, we compute Biot
number. Using the values in Table 1, the Biot number comes out to
be less than 0.1, which allows us to use the lumped heat capacitance
model. For a droplet with uniform temperature subjective to convective
heat transfer on the boundary, the lumped heat capacitance model
yields:
𝑇 − 𝑇∞
𝑇0 − 𝑇∞

= 𝑒−(3ℎ𝑒𝑞∕𝜌𝑎𝑐𝑝)𝑡. (17)

here, 𝑇0 is the initial temperature at the start of solid sub-cooling
tage, which would be the freezing temperature 𝑇𝑓 .

. Perturbation solution for phase-change

The Eqs. (14)–(16), though in fixed coordinates, are non-linear
DEs. This precludes the possibility of having a closed form exact
olution for this problem. However, a series solution approximation
an yield some insightful results. This section extends the asymptotic
xpansion approach outlined by Jiji and Weinbaum [14] to apply quasi-
teady-state approximation (outer expansion) and quasi-stationary ap-
roximation (inner expansion) for the governing equations of solid,
iquid and interface motion. The inner expansion uses a stretched time
oordinate, T = 𝛼st∕a2 = 𝜏∕Ste which unlike the outer expansion
aptures the small time scale effects and is valid as 𝜏 → 0.

The perturbation series expansion requires the following steps:

(i) Non-dimensionalize the governing equations and assess the or-
der of magnitude of different terms;

(ii) Identify a perturbation parameter;
(iii) Assume the solution to the unknown quantities to be an asymp-

totic series of the perturbation parameter;
(iv) Substitute the series solution in the governing equations;
(v) Equate the coefficients of each power of the perturbation param-
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eter on both sides of the equation; and
(vi) Solve the subsequent set of equations to get the coefficients of
the series solution.

Analyzing the Eqs. (14)–(16), Stefan number is identified as the
perturbation parameter. The series solution for 𝜃𝑠, 𝜃𝑙, and 𝜁 can be
presented as

𝜃𝑠(𝜉, 𝜏; Ste) ∼
𝑁
∑

𝑛=0
(Ste)𝑛∕2𝜃𝑠𝑛(𝜉, 𝜏),

𝜃𝑙(𝜂, 𝜏; Ste) ∼
𝑁
∑

𝑛=0
(Ste)𝑛∕2𝜃𝑙𝑛(𝜂, 𝜏),

𝜁𝑙(𝜏; Ste) ∼
𝑁
∑

𝑛=0
(Ste)𝑛∕2𝜁𝑛(𝜏).

(18)

3.1. Outer expansion

The outer expansion captures the long time behavior in our series
expansion solution. Hence, we do not alter the time scale as presented
in Eq. (18) and substitute it in the Eqs. (14)–(16) as is. Terms of up to
first order are calculated in this expansion where possible. The series
solution would be of the form:
𝜃𝑙(𝜂, 𝜏) = 𝜃𝑙0 + 𝜃𝑙1Ste

1∕2 + H.O.T.,
𝜃𝑠(𝜉, 𝜏) = 𝜃𝑠0 + 𝜃𝑠1Ste

1∕2 + H.O.T.,
𝜁 (𝜏) = 𝜁0 + 𝜁1Ste

1∕2 + H.O.T.
(19)

n the text that follows we aim to solve for the coefficients in Eq. (19).

.1.1. Zero-order
The zero-order term in Eq. (19) is substituted in Eq. (14)–(16).

omparing the terms of equal power of Ste0 on left and right hand
ide of the equations for solid, liquid and the interface equations, the
ero-order approximation yields the following. For the liquid phase
e get:

𝜕2𝜃𝑙0
𝜕𝜂2

− 2
1 − 𝜂

𝜕𝜃𝑙0
𝜕𝜂

= 0 0 < 𝜂 < 1,
𝜕𝜃𝑙0
𝜕𝜂

|

|

|(0,𝜏)
= 0, 𝜃𝑙0(0, 𝜏) = 0.

(20)

Solid phase equations become:

𝜕2𝜃𝑠0
𝜕𝜉2

−
2𝜁0

1 − 𝜁0𝜉
𝜕𝜃𝑠0
𝜕𝜉

= 0 0 < 𝜉 < 1,

1
𝜁0

𝜕𝜃𝑠0
𝜕𝜉

|

|

|(0,𝜏)
− Bi𝜃𝑠0(0, 𝜏) = 0, 𝜃𝑠0(1, 𝜏) = 1.

(21)

Interface equations yield:
𝜕𝜃𝑠0
𝜕𝜉

|

|

|(1,𝜏)
−

𝜁0
1 − 𝜁0

𝜕𝜃𝑙
𝜕𝜂

|

|

|(0,𝑡)
= 𝜁0

𝑑𝜁0
𝑑𝜏

,

𝜁0(0) = 0.
(22)

Solving the Eqs. (20)–(22) in Mathematica we get the following solu-
tion. For the liquid phase it yields:

𝜃𝑙0 = 0. (23)

or the solid phase we get:

𝑠0 =
(𝜁0 − 1)(1 + 𝜁0𝜉(Bi − 1))
(1 + (Bi − 1)𝜁0)(𝜁0𝜉 − 1)

. (24)

Using Eqs. (23) and (24) with (22), the interface equation yields:

Bi(𝜉 − 1)2 ln(1 − 𝜁0) + (−1 + Bi(𝜉 − 1)2)𝜁0 +
1
2
(2 + Bi(𝜉 − 2))𝜉𝜁20 + 1

3
(Bi − 1)𝜉2𝜁30 = −Bi𝜏 + 𝐶1. (25)

To determine the constant 𝐶1 in Eq. (25) we need to assume a poly-
nomial expression for the outer interface solution, 𝜁 . Since 𝜁 is the
function of time only, it can be written as:

𝜁 = 𝑎 + 𝑎 (𝜏)1∕2 + 𝑎 (𝜏). (26)
0 0 1 2
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The initial condition for the interface, 𝜁0(0) = 0, implies that 𝑎0 = 0.
Substituting Eq. (26) in Eq. (25) and equating the coefficients of equal
powers of 𝜏 we get the following:

𝜁0 = Bi𝜏, (27)

𝜃𝑠0 =
Bi2𝜏(1 + Bi𝜏)

[−1 + ((Bi − 1)Bi𝜏)(Bi𝜏𝜉2)]
. (28)

t is relevant to mention here that the series expansion for the natural
ogarithm term in Eq. (25), [𝑙𝑛(1−𝜁0)] is used to assist with comparison
f the coefficients.

.1.2. First-order
In order to compute the first order coefficients, the first order

xpansion from Eq. (19) is substituted in Eqs. (14), (16). Comparing
he terms of equal power of Ste yields the governing equations for the
irst order variables. For liquid phase we get:

(1 − 𝜁0)
𝜕2𝜃𝑙1
𝜕𝜂2

− 2
𝜕𝜃𝑙1
𝜕𝜂

= 0,

𝜕𝜃𝑙1
𝜕𝜂

|

|

|(1,𝜏)
= 0, 𝜃𝑙1(0, 𝜏) = 0.

(29)

or solid phase the expansion yields:

(1 − 𝜉𝜁0)
𝜕2𝜃𝑠1
𝜕𝜉2

+ 𝜉𝜁1
𝜕2𝜃𝑠0
𝜕𝜉2

− 2𝜁1
𝜕𝜃0
𝜕𝜉

− 2𝜁0
𝜕𝜃1
𝜕𝜉

= 0,

𝜕𝜃𝑠1
𝜕𝜉

|

|

|(0,𝜏)
− 𝜁1Bi(1 +

√

Ste𝜃𝑠1(0, 𝜏)) = 0,

𝜃𝑠1(1, 𝜏) = 0.

(30)

The interface equation becomes:

(1 − 𝜁0)
𝜕𝜃𝑠1
𝜕𝜉

|

|

|(1,𝜏)
− 𝜁1

𝜕𝜃𝑠0
𝜕𝜉

|

|

|(1,𝑡)
= 𝜁0(1 − 𝜁0)

𝑑𝜁1
𝑑𝜏

+ 𝜁1(1 − 2𝜁0)
𝑑𝜁0
𝑑𝜏

,

𝜁1(0) = 0.
(31)

he solution for Eqs. (29)–(31) is computed as follows. For the liquid
hase the solution is given by:

𝑙1 = 0. (32)

olving for the solid phase yields:

𝑠1 =
Bi𝜁1(1 − 𝜉 + 2Bi𝜏 + Bi2𝜁1𝜉𝜏

√

Ste − 2Bi𝜉2𝜏 − Bi2𝜁1𝜉2𝜏
√

Ste + 3Bi2𝜉𝜏2 − 3Bi2𝜉2𝜏2)

(1 + Bi
√

Ste𝜁1 + Bi𝜏)(−1 − Bi𝜏 + Bi2𝜏)(1 + Bi𝜉𝜏2)
.

(33)
here, 𝜁1 is an unknown and should be solved using Eq. (31). Analyzing

he liquid phase outer solution we can see that it intuitively makes
ense since for larger time steps the liquid temperature would reach
he equilibrium freezing temperature 𝑇𝑓 . The solution for the first order
nterface (𝜁1) is too complicated to compute, hence Eq. (33) cannot be
losed.

The interface solution in the outer expansion yields realistic values
or the total freezing time when compared with the experimental value
f Hindmarsh et al. [7] for the parameters given in Table 1. However,
he square root dependence of interface motion on time is not captured.
n the next subsection we move on to the quasi-stationary approxima-
ion to find out if we can capture that trend both qualitatively and
uantitatively.

.2. Inner expansion

To capture the solution for time scales approaching zero it is im-
erative to use the stretched time coordinate T. Using this stretched
ime coordinate the dependent variables are transformed. These new
ariables, with an overbar, are defined as follows:
�̄�𝑠(𝜉,T) = 𝜃𝑠(𝜉, 𝜏),

�̄�𝑙(𝜂,T) = 𝜃𝑙(𝜂, 𝜏),

𝜁 (T) = 𝜁 (𝜏),

T = 𝜏 .

(34)
6

Ste
Substituting the transformed variables from Eq. (34) in Eq. (14)–(16)
yields:
𝜕2�̄�𝑙
𝜕𝜂2

− 2
1 − 𝜂

𝜕�̄�𝑙
𝜕𝜂

= 𝛼
[

(1 − 𝜁 )2
𝜕�̄�𝑙
𝜕T

− (1 − 𝜉)(1 − 𝜁 )
𝜕�̄�𝑙
𝜕𝜂

𝑑𝜁
𝑑T

]

,

𝜕2�̄�𝑠
𝜕𝜉2

−
2𝜁

1 − 𝜁𝜉
𝜕�̄�𝑠
𝜕𝜉

=
[

𝜁2
𝜕�̄�𝑠
𝜕T

− 𝜉𝜁
𝜕�̄�𝑠
𝜕𝜉

𝑑𝜁
𝑑T

]

.
(35)

The BCs and IC for solid and liquid phase:
𝜕�̄�𝑙
𝜕𝜂

|

|

|(0,T)
= 0, �̄�𝑙(0,T) = 0, �̄�𝑙(𝜂, 0) = �̄�𝑖,

1
𝜁
𝜕�̄�𝑠
𝜕𝜉

|

|

|(0,T)
− Bi�̄�𝑠(0,T) = 0, �̄�𝑠(1,T) = 1.

(36)

The interface BC and IC transform to:

Ste
[

𝜕�̄�𝑠
𝜕𝜉

|

|

|(1,T)
−

𝜁
1 − 𝜁

𝜕�̄�𝑙
𝜕𝜂

|

|

|(0,T)

]

= 𝜁
𝑑𝜁
𝑑T

,

𝜁 (0) = 0.
(37)

The following series expansion is proposed as a solution to Eqs. (35)–
(37) with the stretched time scale T:

�̄�𝑠(𝜉,T; Ste) ∼
𝑁
∑

𝑛=0
(Ste)𝑛∕2�̄�𝑠𝑛(𝜉,T),

�̄�𝑙(𝜂,T; Ste) ∼
𝑁
∑

𝑛=0
(Ste)𝑛∕2�̄�𝑙𝑛(𝜂,T),

𝜁𝑙(T; Ste) ∼
𝑁
∑

𝑛=0
(Ste)𝑛∕2𝜁𝑛(T).

(38)

3.2.1. Zero-order
Zero order solution is obtained by substituting the proposed series

solution for 𝑛 = 0 in Eqs. (35)–(37) and comparing the coefficients of
Ste0. Starting from the interface equation and its initial condition we
get:

𝜁0
𝑑𝜁0
𝑑T

= 0, 𝜁0(0) = 0, (39)

hich yields:

0̄(T) = 0. (40)

ith 𝜁0 = 0 the resulting equation for solid phase is simplified consid-
rably. For the solid phase the inner expansion yields:
𝜕2�̄�𝑠0
𝜕𝜉2

= 0,
𝜕�̄�𝑠0
𝜕𝜉

|

|

|(0,T)
= 0, �̄�𝑠0(1,T) = 1. (41)

This yields the following result:

�̄�𝑠0 = 1. (42)

For the liquid phase the zero-order approximation yields the following
set of equations:
𝜕2�̄�𝑙0
𝜕𝜂2

− 2
1 − 𝜂

𝜕�̄�𝑙0
𝜕𝜂

− 𝛼
𝜕�̄�𝑙0
𝜕T

= 0, (43)

𝜕�̄�𝑙0
𝜕𝜂

|

|

|(1,T)
= 0, �̄�𝑙0(0,T) = 0, �̄�𝑙0(𝜂, 0) = �̄�𝑖. (44)

q. (43) is a linear variable coefficient PDE which can be solved using
eparation of variables. Setting 𝜂 = 1− 𝜂 and re-arranging, Eq. (43) can
e rewritten as:
1
𝜂
𝜕2(𝜂�̄�𝑙0)
𝜕𝜂2

= 𝛼
𝜕�̄�𝑙0
𝜕T

. (45)

Substitute 𝑈 (𝜂,T) = 𝜂�̄�𝑙0(𝜂,T) in Eq. (45) we get the following:

𝜕2𝑈
𝜕𝜂2

= 𝛼 𝜕𝑈
𝜕T

. (46)

The BCs and the IC in Eq. (44) are transformed using the new variables
as follows:

�̄� (1,T) = 0 → 𝑈 (1, 𝑇 ) = 0, (47)
𝑙0
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𝜕�̄�𝑙0
𝜕𝜂

|

|

|(0,T)
= 0 → 𝑈 (0, 𝑇 ) = 0, (48)

𝑈 (𝜂, 0) = 𝜂𝜃𝑖. (49)

Note that 𝜃𝑙0 is a function of 𝜂 and hence the boundary values are
shifted accordingly. Eq. (48) is justified since the temperature at the
center is finite as 𝜂 → 0. Using separation of variable technique we
define:

𝑈 (𝜂,T) = 𝑋(𝜂)𝑌 (T). (50)

Substituting Eq. (50) in Eq. (46) and employing separation of variable
technique we get:

𝑑2𝑋
𝑑𝜂2

+𝑋𝛽2𝑛 = 0, (51)

𝑑𝑌
𝑑𝑇

+ 𝛽2𝑛𝛼𝑌 = 0. (52)

The need for the subscript ‘n’ in 𝛽2𝑛 will become apparent later in the
analysis. The general solutions for Eqs. (51), (52) are given as follows:

𝑋 = 𝐴 sin(𝛽𝑛𝜂) + 𝐵 sin(𝛽𝑛𝜂), (53)

= exp(−𝛼𝛽2𝑛T). (54)

he boundary conditions in Eqs. (47), (48) become:

(1) = 0, 𝑋(0) = 0. (55)

sing Eq. (55) with Eq. (53) we get:

= 0, sin(𝛽𝑛) = 0, (56)

hich yields the following eigenvalues:

𝑛 = 𝑛𝜋, 𝑛 = 1, 2, 3,… (57)

sing these eigenvalues, the corresponding time factor from Eq. (54)
ecomes:

𝑛 = exp(−𝛼𝛽2𝑛T). (58)

sing the time factor, eigenvalues and the general solution, the total
olution in Eq. (50) becomes:

(𝜂,T) =
∞
∑

𝑛=1
𝑎𝑛 exp(−𝛽2𝑛𝛼T) sin(𝛽𝑛𝜂). (59)

Now, applying the initial condition as given in Eq. (49):

𝜂𝜃𝑖 =
∞
∑

𝑛=1
𝑎𝑛 sin(𝛽𝑛𝜂). (60)

In order to find the constant 𝑎𝑛 we shall use the orthogonality of the
sine functions. Multiplying both sides of the Eq. (60) by sin(m𝜋𝜂) and
pplying orthogonality we get:

𝑛 = 2∫

1

0
𝜂𝜃𝑖 sin(𝛽𝑛𝜂)𝑑𝜂. (61)

pplying integration by parts on the integrand we get:

𝑛 = 𝜃𝑖

(

sin 𝛽𝑛 − 𝛽𝑛 cos 𝛽𝑛
𝛽2𝑛

)

. (62)

hich closes the Eq. (59) and the zero-order liquid solution. Converting
and 𝜂 to their original variables, the final solution is of the form:

̄𝑙0(𝜂,T) = (1 − 𝜂)𝜃𝑖
∞
∑

𝑛=1
exp(−𝛽2𝑛𝛼T)

𝑠𝑖𝑛(𝛽𝑛(1 − 𝜂))
1 − 𝜂

(

sin 𝛽𝑛 − 𝛽𝑛 cos 𝛽𝑛
𝛽2𝑛

)

.

(63)

The matching for this solution was performed with the single-phase
liquid sensible cooling solution (domain far from the interface) given
by the Eq. (6) which yielded same results for the first 50 eigenvalues
at the time approaching 0.
7

3.2.2. First-order
Substituting the series solution as proposed in Eq. (38) for 𝑛 = 1

in Eqs. (35)–(37) and comparing the coefficients of Ste1∕2 we get the
required equations and BCs. For solid phase this yields:

𝜕2�̄�𝑠1
𝜕𝜉2

= 0, (64)

𝜕�̄�𝑠1
𝜕𝜉

|

|

|(0,T)
− 𝜁1Bi[1 +

√

Ste�̄�𝑠1(0,T)] = 0, (65)

�̄�𝑠1(1,T) = 0. (66)

Solving Eq. (64) using the BCs, we get:

�̄�𝑠1(𝜉,T) =
Bi𝜁1(𝜉 − 1)

1 + Bi
√

Ste𝜁1
. (67)

For the liquid phase the equation gets too complicated to compute.
For the interface, comparing the terms of Ste1∕2 and Ste yields trivial
solutions. Comparing the coefficients of Ste3∕2 we get:

𝜕�̄�𝑠1
𝜕𝜉

|

|

|(1,T)
−

𝜕�̄�𝑠0
𝜕𝜉

|

|

|(1,T)
𝜁1 −

𝜕�̄�𝑙0
𝜕𝜂

|

|

|(0,T)
+ 𝜁21

𝑑𝜁1
𝑑𝑇

= 0, (68)

where,

𝜕�̄�𝑠1
𝜕𝜉

|

|

|(1,T)
=

𝜁1Bi

𝜁1Bi
√

𝑆𝑡 + 1
, (69)

𝜕�̄�𝑠0
𝜕𝜉

|

|

|(1,T)
= 0, (70)

𝜕�̄�𝑙0
𝜕𝜂

|

|

|(0,T)
=

∞
∑

𝑛=1
𝑎𝑛 exp

(

−
𝛽2𝑛T
𝛼

)

sin(𝛽𝑛) − 𝛽𝑛 cos(𝛽𝑛)
𝛽𝑛

(71)

Eq. (71) yields a very long governing equation for Eq. (68) because
of the infinite Eigenvalue terms. In order to simplify the equation only
the first term of Eq. (71) is taken. This assumption is justified because
the derivative of the term is being computed at the interface where even
a single eigenvalue results in a relatively accurate solution for liquid
temperature as given by Eq. (63). Substituting Eq. (69), (70) and the
first term of Eq. (71) in Eq. (68) and simplifying:

𝜁1
𝑑𝜁1
𝑑𝑇

− Bi

𝜁1Bi
√

𝑆𝑡 + 1
+

2𝜃𝑖
𝜋

exp
(

−𝜋2T
𝛼

)

= 0, (72)

̄1 = 0. (73)

oth Bi and Ste are ≪ 1 for the values given in Table 1. Hence the
enominator of the second term can be ignored. The resulting equation
s:

̄1
𝑑𝜁1
𝑑T

− Bi +
2𝜃𝑖
𝜋

exp
(

−𝜋2T
𝛼

)

= 0. (74)

olving for 𝜁1 using Eqs. (73), (74) we get:

̄1 =

√

4𝜃𝑖
[

−1 + exp
(

−𝜋2T
𝛼

)]

𝛼 + 2Bi𝜋3T

𝜋
3
2

. (75)

As shown in Eq. (75) the square root dependence of the interface
position on the time has been captured in this expansion. Another
important dependence captured here is the effect of droplet’s initial
temperature and Biot number on the interface position.

4. Numerical modeling

This study uses the enthalpy–porosity fixed grid method to nu-
merically compute the phase-change behavior of the water droplet.
Enthalpy–porosity method as pioneered by Voller et al. [41] and Brent
et al. [44], assumes that the phase-change interface has a finite thick-
ness and treats it as a pseudo-porous media. The method precludes the
need to satisfy the energy conservation condition at the phase-change
interface and instead adjusts the nodal latent heat content of the cells in
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Fig. 2. Mesh sensitivity analysis of the droplet freezing model for 𝑎 = 0.78 mm. The
dashed blue line shows the experimental freezing time taken from Hindmarsh et al. [7].

the computational domain according to the cell temperature to account
for absorption or evolution of the latent heat.

For this study a 3-D model of the droplet is created and meshed in
ANSYS design modeler and ANSYS Mesher, respectively. For the 3-D
droplet, an unstructured tetrahedral mesh was used with the average
aspect ratio and skewness of 1.17 and 0.11 respectively. Both of these
metrics are well within the recommended limits of < 5 and < 0.33 for
aspect ratio and skewness respectively. To ensure that the numerical
results are mesh insensitive, a mesh independence study was conducted
for 10 different mesh sizes ranging from 17k to 5 million cells. The
results from the mesh sensitivity analysis are shown in Fig. 2. As
illustrated in the figure, the 0.78 mm radius droplet discretized into
around 2 million nodes gives a good accuracy with the experimental
freezing time and is thus used for the numerical studies.

For the simulations the momentum equations within the droplet are
disabled whereas only the energy equation is computed. The governing
equations along with the relevant boundary conditions are solved
using a finite volume solver as implemented in Ansys Fluent 18.1.
Conservation of energy equation computed by the solver is given by:

𝜕
𝜕𝑡

[

𝜌𝑠(1 − 𝛾)𝐻𝑠 + 𝜌𝑙𝛾(𝐻𝑙 + 𝐿)
]

= ∇.[𝑘𝑑 (𝑇 )∇𝑇 ], (76)

where, 𝐻𝑠 and 𝐻𝑙 are the sensible enthalpies [J/kg] of the solid and
liquid phases, respectively and 𝐿 is the Latent heat of fusion. The
enthalpies are computed using the following expressions:

𝐻𝑠 = ∫

𝑇

𝑇𝑟𝑒𝑓
𝑐𝑝,𝑠(𝑇 )𝑑𝑇 ,

𝐻𝑙 = ∫

𝑇

𝑇𝑟𝑒𝑓
𝑐𝑝,𝑙(𝑇 )𝑑𝑇 .

(77)

𝑘𝑑 (𝑇 ) in Eq. (76) is the mixture thermal conductivity and is computed
by the expression:

𝑘𝑑 (𝑇 ) = (1 − 𝛾)𝑘𝑠(𝑇 ) + 𝛾𝑘𝑙(𝑇 ). (78)

Here 𝑘𝑠 and 𝑘𝑙 are the thermal conductivity in the solid and liquid phase
respectively. The enthalpy term in Eq. (76) switches its expression for
different phases according to the value of liquid fraction which is given
by:

𝛾 =

⎧

⎪

⎨

⎪

⎩

0 𝑇 < 𝑇𝑠𝑜𝑙 ,
𝑇−𝑇𝑠𝑜𝑙
𝑇𝑙𝑖𝑞−𝑇𝑠𝑜𝑙

𝑇𝑠𝑜𝑙 ≤ 𝑇 ≤ 𝑇𝑙𝑖𝑞 ,

1 𝑇 > 𝑇𝑙𝑖𝑞 .
(79)

In Eq. (79) 𝑇𝑠𝑜𝑙 and 𝑇𝑙𝑖𝑞 are the solidus and liquidus temperature of
the mixture and define the thickness of the mushy zone. Expressions
of the temperature dependent thermal properties, 𝑘 , 𝑘 , 𝜌 , 𝜌 , 𝑐 ,
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𝑠 𝑙 𝑠 𝑙 𝑝,𝑠
Table 2
Physical properties of water and ice used for the enthalpy–porosity model.

Property Expression Unit

𝑘𝑙 −1.111 × 10−7𝑇 3 + 9.115 × 10−5𝑇 2 − 0.02301𝑇 + 2.31 W/(m K)
𝑘𝑠 −8.272 × 10−18𝑇 3 + 5.714 × 10−5𝑇 2 − 0.03922𝑇 + 8.659 W/(m K)
𝜌𝑙 4.889 × 10−5𝑇 3 − 0.04831𝑇 2 + 15.51𝑇 − 629.2 kg/m3

𝜌𝑠 −0.0005333𝑇 3 + 0.4043𝑇 2 − 102.2𝑇 − 9527 kg/m3

𝑐𝑝,𝑙 −0.001556𝑇 3 − 1.397𝑇 2 − 418.3𝑇 + 4.599 × 104 J/(kg K)
𝑐𝑝,𝑠 −3.042 × 10−17𝑇 3 − 0.02𝑇 2 + 16.03𝑇 − 832.3 J/(kg K)
𝜇𝑙 9.447 × 104 𝑒𝑥𝑝(−0.06897𝑇 ) + 0.09804 𝑒𝑥𝑝(−0.01622𝑇 ) W/(m K)
𝑇𝑙𝑖𝑞 273.25 K
𝑇𝑠𝑜𝑙 273.15 K
𝜎 1.38065 × 10−23 m2 kg/(s2 K)
𝜖 0.97 –
𝐿𝑣 2500 kJ/kg

𝑐𝑝,𝑙 were incorporated in the simulation using a User Defined Function
(UDF) routine written in C. The temperature dependent properties
in the enthalpy–porosity method allow us to accurately model the
thermal diffusivity which proves to be a critical physical parameter
in determining the accuracy of the freezing times. More discussion on
this is conducted in the verification and the validation subsection. The
expressions for the thermal properties used are listed in Table 2.

The solver uses the numerical approach outlined by Swaminathan
& Voller [45] to solve the energy equation and liquid volume fraction,
𝛾, iteratively. The diffusion term in Eq. (76) is discretized using a
second order central difference scheme whereas the transient term is
discretized using the first order explicit forward marching scheme.

4.1. Boundary conditions

The BCs and the IC for the Eq. (76) are given as:

−𝑘𝑑
𝜕𝑇
𝜕𝑟

|

|

|(𝑎,𝑡)
= ℎ𝑒𝑞(𝑇 (𝑎, 𝑡) − 𝑇∞),

𝜕𝑇
𝜕𝑟

|

|

|(0,𝑡)
= 0,

𝑇 (𝑟, 0) = 𝑇𝑖.

(80)

In order to incorporate the evaporation, radiation, and heat losses
through thermocouple as measured in the experiments conducted by
Hindmarsh et al. [7], a modified, equivalent, heat transfer coefficient
(ℎ𝑒𝑞) is defined as follows:

ℎ𝑒𝑞 = ℎ𝑐𝑜𝑛𝑣 + ℎ𝑟𝑎𝑑 + ℎ𝑒𝑣𝑎 + ℎ𝑡ℎ𝑒𝑟𝑚. (81)

ℎ𝑐𝑜𝑛𝑣 contributes to about 80% of the total heat transfer rate and is
calculated through the Ranz–Marshall Nusselt number correlation [46]
which is given as follows:

Nu =
ℎ𝑐𝑜𝑛𝑣𝑑

𝑘
= 2 + 0.6𝑅𝑒1∕2𝑃𝑟1∕3. (82)

Here, Re and Pr and Reynolds number and Prandtl number, respec-
tively, for the water droplet traveling with the velocity, 𝑣, relative to
the air. For the base case the values of these parameters are listed
in Table 1. To calculate the respective heat transfer coefficients for
radiation, evaporation and thermocouple heat loss we use the steps laid
out as follows:

(i) Calculate the heat flux for each of the three mechanisms;
(ii) Identify a suitable reference temperature differential. In this

study we use 𝑇𝑖 − 𝑇∞; and
(iii) Use the equation, ℎ𝑟𝑎𝑑,𝑒𝑣𝑎,𝑡ℎ𝑒𝑟𝑚 = �̇�𝑟𝑎𝑑,𝑒𝑣𝑎,𝑡ℎ𝑒𝑟𝑚∕(𝑇𝑖 − 𝑇∞), to calcu-

late the respective equivalent heat transfer rate.

In reality, the heat transfer rates are a function of droplet tempera-
ture and will change iteratively with the temperature evolution of the
droplet. However, the contribution of the last three terms in Eq. (81)
is one order of magnitude less than ℎ𝑐𝑜𝑛𝑣. Hence using a constant heat
flux over a fixed, reference range of temperature is justified.
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𝑞

𝑞

𝑚

The equation listed in step (iii) requires calculation of a reference
individual heat flux. The radiation heat flux is calculated using the
following expression:

̇𝑟𝑎𝑑 = 𝜖𝜎(𝑇 4
𝑖 − 𝑇 4

∞). (83)

Here, 𝜖 is the emissivity of ice and 𝜎 is the Boltzmann constant. For
heat flux due to evaporation we use the equation:

̇𝑒𝑣𝑎 = �̇�𝑒𝑣𝑎(𝐿𝑣), (84)

where,

̇ 𝑒𝑣𝑎 =
ℎ𝑚
�̄�

(

𝑃𝑠𝑤
𝑇

)

. (85)

The mass transfer coefficient (ℎ𝑚) is calculated using the Ranz Marshall
Sherwood correlation [7], which is given as:

Sh =
2ℎ𝑚𝑑
𝐷𝑎𝑏

= 2 + 0.6Re1∕2Sc1∕3, (86)

where Schmidt number, Sc, equals 𝜇𝑎∕𝜌𝑎𝐷𝑎𝑏. The expression for 𝑃𝑠𝑤 in
Eq. (86) is extracted from the paper by Murphy & Koop [47]. The heat
loss due to thermocouple is calculated by the methodology and data
as outlined by Hindmarsh [7]. The reader is referred to that study for
more details.

5. Results and discussion

After laying out the results from the perturbation series solution and
defining the outline of the numerical methodology used in this study,
we explore their results further in this section. We start by presenting
the verification of our analytical model with our enthalpy–porosity
numerical model and the numerical results from the literature [16].
In order to justify the verification of the sharp-interface front tracking
analytical method with the fixed-grid pseudo porous media numerical
method, we keep the liquidus and solidus temperature difference to be
within 0.1 K. Our perturbation series solution and numerical model
is also validated with the experimental data of Hindmarsh et al. [7],
where we present the results of the temperature profile evolution with
time for the cases of with and without supercooling.

To demonstrate the accuracy and applicability of our perturbation
series solution and numerical model we have computed the temper-
ature profile and freezing times of the water droplet for the spray
freezing application. The temperature profile has been computed by
combining the solution methodologies for the stages of liquid sen-
sible cooling (2.2), phase-change (2.3) and solid sub-cooling (2.4),
respectively. The freezing time is calculated in two steps. First the
interface location expression 𝜁 for 𝑁 = 1 in Eq. (38) is evaluated.
Next, 𝜁 is set to 1 (complete freezing) and the corresponding time
is calculated which is referred to as the freezing time hereafter. For
verification and validation purposes, the non-dimensional variables
have been re-dimensionalized using the appropriate expressions.

The following subsection presents and discusses the validation and
verification of the perturbation series solution.

5.1. Verification and validation

In this subsection, we present the verification and validation of
our perturbation series solution and enthalpy–porosity model with
the numerical and experimental data in the literature, respectively.
Fig. 3 shows the comparison of the results from our perturbation
series solution with our enthalpy–porosity numerical model and the
hybrid numerical–analytical results from Dehghani et al. [16] (without
supercooling). The comparison shows that enthalpy–porosity model
and perturbation series solution match to within a maximum error
of 3% in predicting the freezing time of the droplet and temperature
profiles in liquid and solid phases. The results are also observed to
be in good agreement with Dehghani’s model. The slight discrepancy
9

Fig. 3. Verification of the temperature evolution at the center of the droplet of radius
780 μm. The results are compared from the numerical results of Dehghani et al. [16].

Fig. 4. Validation of the temperature evolution at the center of the droplet of radius
780 μm without supercooling. The experimental results are taken from Hindmarsh
et al. [7].

observed between our numerical and analytical model can be attributed
to the difference in phase-change modeling approach and the use of
temperature dependent thermal properties for the enthalpy–porosity
model. This hypothesis is verified by conducting numerical simula-
tion for the constant properties case (as shown by the dashed–dotted
line) in Fig. 3 which over predicts the solution as compared to the
temperature-dependent properties case.

Fig. 4 presents the validation of the perturbation series solution
and enthalpy porosity method (without supercooling) with the exper-
imental results of Hindmarsh et al. [7]. Both the perturbation series
solution and enthalpy–porosity model compare well with the experi-
mental freezing time and temperature profile for the sensible cooling
stage in liquid and solid phases. The numerical model matches to within
1% accuracy with the experimental freezing time and temperature
profile of the solid sub-cooling stage. The perturbation series solution
slightly under predicts the freezing time and consequently the solid sub-
cooling. However, it is still within 4% accuracy which constitutes as a
good approximation for a series solution.

From Figs. 3 and 4, it is clear that the perturbation series and
numerical solution were not able to predict the supercooling and
consequent nucleation of the liquid phase. This is because the Stefan
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Fig. 5. Validation of the temperature evolution at the center of the droplet of radius
780 μm with supercooling. Experimental results taken from Hindmarsh et al. [7] and
numerical results from Dehghani et al. [16].

Fig. 6. Temperature evolution for 3 different initial droplet temperatures using pertur-
bation series (solid lines) and enthalpy–porosity (dashed lines). The initial temperatures
studied here are 280.85 K (black color), 288.15 K (red color) and 298.15 K (blue color).

problem models equilibrium freezing and thus does not take into ac-
count the non-equilibrium thermodynamics associated with nucleation
and dendritic growth. However, if nucleation temperature is known
a priori from experimental data and the recalescence is assumed to
raise the temperature of the melt instantly to the freezing temperature
after nucleation, the perturbation series solution developed here can be
modified to include supercooling. To achieve that we constrained the
liquid sensible cooling model developed in Section 2.2 to ‘‘super-cool’’
till nucleation. The results are shown in Fig. 5.

Fig. 5 shows a good agreement of droplet temperature by the per-
turbation series solution for all the freezing stages. The decaying profile
of the liquid sub-cooling in the perturbation series analysis matches
to within 2% with the experimental results. For the solid phase the
decaying rate of the temperature profile agrees well with Dehghani’s
model and experimental profiles. However the analytical model under
predicts the solid-subcooling temperature to within 5% accuracy (with
regards to the time to reach a particular temperature). The freezing
time and the time to reach thermal equilibrium with the environment
are however predicted within 2% accuracy.
10
Table 3
Different cases of Bi, Ste and 𝑇𝑖 for the parametric study.

Parameters Cases No. Case values 𝑇∞ Radius Velocity ℎ𝑒𝑞

– – 𝐾 μm m/s W/(m K)

Case 1 0.0286 258.15 150 0.42 318.01
Bi Case 2 0.0421 258.15 312.5 0.681 224.26

Case 3 0.0562 258.15 475 0.97 197.14

Case 1 0.0189 270.15 780 0.54 127
Ste Case 2 0.0754 261.15 780 0.54 127

Case 3 0.1257 253.15 780 0.54 127

Case 1 280.85 258.15 780 0.54 127
𝑇𝑖[𝐾] Case 2 288.15 258.15 780 0.54 127

Case 3 298.15 258.15 780 0.54 127

Following the verification and validation we compare the impact of
initial temperature, Biot number and Stefan number on the temperature
and liquid fraction profile prediction for both perturbation series results
and numerical models. The range of Bi and Ste used is computed using
practical values for the geometrical and operational parameters such
as droplet radius, air temperature and velocity of air. Bi is a direct
function of the radius of the droplet and heat transfer coefficient. The
heat transfer coefficient, in turn, depends on the radius itself and the
velocity of the air flowing over the droplet. Ste, on the other hand,
is a function of the air temperature. The complete grid of the cases
evaluated and the corresponding operating parameters are given in
Table 3. For Bi, the droplet radius is varied by taking the extremes and
mean from the diameter distribution from a study by Santangelo [48].
For the rest of the parameters evaluated, the diameter is taken to be the
same as the base case of Hindmarsh et al. [7] for the sake of continuity.
The temperature and liquid fraction evolution of the droplet have been
studied for three different cases of Bi and Ste. For Ste, the values for
𝑇∞ are taken from the data based on seasonal variation of temperature
during the winter time in Canada [49]. These cases cover the extreme
values of the droplet radius, velocity and ambient air temperature for
the spray freezing application.

5.2. Effect of initial temperature

Most of the asymptotic models developed in the literature are
unable to capture the effect of initial droplet temperature on the
sensible-cooling and freezing times of droplet. In our perturbation
series expansion we were able to portray that effect (Eq. (75)). The
speed of the interface in two-phase Stefan problems has often been
simplified or reduced to one-phase problems, which is insensitive to
the initial liquid temperature. McCue et al. [12] proved that the liquid
phase contributed exponentially small terms to the interface motion for
small Stefan numbers, and Brosa Planella et al. [40] assumed that the
amount of supercooling had no influence on the location of interface.
However, both cases solve for a Dirichlet boundary condition and the
latter also considers mass diffusion (also categorized as extended Stefan
problem). In this study, the initial liquid temperature and amount
of supercooling can play a more significant role, since a convective
boundary condition is prescribed.

Fig. 6 shows how the perturbation series model and the enthalpy–
porosity model predicts the temperature evolution for different initial
droplet temperatures. For these scenarios the Bi and Ste are kept
to be at the same values as the base case (Table 1). Fig. 6 depicts
that the initial temperature affects the temperature profile during the
sensible cooling phase and the freezing time of the droplet. Both the
perturbation solution and enthalpy–porosity model predict the liquid
sensible cooling stage accurately and overall compare well to within
10% across the range. It is also observed from Fig. 6 that the effect
of initial temperature on sensible cooling profile is more pronounced
as compared to the freezing time. This observation is consistent with
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the results from the hybrid analytical–numerical model of Dehghani
et al. [16].

5.3. Effect of Biot number

Figs. 7–9 show the results for temperature and liquid fraction pro-
files for cases 1, 2 and 3 of the Biot numbers as presented in Table 3.
The Ste for 3 different cases of Bi has been kept constant at 0.094 (same
as base case). As for the freezing time predictions, it can be noted from
Figs. 7–9(a) that the perturbation series over predicts the freezing time
for all cases of Bi by around 10%. The temperatures for the liquid sub-
cooling phase, however, are predicted to within 1% agreement of the
numerical results as shown by the insets. The relatively larger discrep-
ancy for the freezing times can be associated with the assumption of
using phase dependent properties only for the analytical solution. The
hypothesis is verified by comparing the enthalpy–porosity model results
of temperature averaged physical properties with the perturbation solu-
tion. As shown in the verification curve (Fig. 3), the constant properties
curve (shown as the dash dot line) over-predicts the freezing time. The
discrepancy can be physically explained by the slow heat diffusivity
prediction for temperature averaged physical properties as compared
to using the fully temperature dependent physical properties.

The liquid fraction profiles as depicted in Figs. 7–9 show the evo-
lution of the phase-change process within different points inside a
freezing droplet for different cases of Bi. The figures also show that
the freezing time increases monotonically with the Bi (and the droplet
diameter). Comparing the 3 figures, it is evident that the spacing
between the liquid fraction values at the ‘‘equally spaced’’ spatial points
is not uniform. This shows that the interface motion is non-linear.
We, in fact, know this from the literature and our perturbation series
solution to be true. According to the literature, the interface motion
varies non-linearly with time. A direct corollary of this non-linear
variation is the increase in interface velocity as it approaches the center
of the droplet. In Figs. 7–9(b), this is mirrored by the sharp change in
the liquid fraction profile at 𝑟 = 0.

Figs. 7–9 also show the comparison between the perturbation series
solution (solid lines) and enthalpy–porosity (dashed) model. The dif-
ference between these two approaches is evident from the trend. Since
the perturbation series assumes a sharp interface between solid and
liquid phases, the liquid fraction from the perturbation series solution
exhibit a step function behavior regardless of the location within the
droplet or the cooling rate of the droplet. Enthalpy–porosity model, on
the other hand, exhibits different behaviors for different locations and
cooling conditions. As observed from Figs. 7–9, for the outer layer of
the droplet, it exhibits sharp change between the phases due to a direct
exposure to the cooling source. However, as the freezing penetrates
inwards, the shift between phases becomes less abrupt. This behavior is
expected since the enthalpy–porosity model assumes the phase-change
to occur within a finite, pseudo-porous mushy zone.

5.4. Effect of Stefan number

Figs. 10–12(a) show the temperature profile for 3 different cases of
Ste as given in Table 3. The insets show the comparison for the liquid
sub-cooling stage which depict a good agreement between analytical
and numerical results (within 1%). This trend is in-line with what is
observed for the case of different Bi. Comparison of the freezing times
for three different cases of Ste show that the freezing time decreases
non-linearly with an increase in Ste. This result is intuitive since low
Ste corresponds to low cooling potential of the surrounding air resulting
in slow cooling rate of the droplet.

It can also be observed from Figs. 10–12(a) that the perturbation se-
ries solution under predicts the freezing times for low Ste as compared
to the enthalpy–porosity model. However, with an increase in the Ste
the agreement becomes better. Overall, for 3 different cases of Ste, the
11

agreement between perturbation series and enthalpy porosity is within
8%. It is important to note here that even though the Ste is the highest
for Fig. 12, however in relative terms it is still low and thus rendering
the asymptotic approximation valid.

Figs. 10–12(b) show the profiles of liquid fraction at different loca-
tions within the freezing droplets as predicted by perturbation series
and enthalpy–porosity model. As depicted by these figures, the trend
shows that the relative freezing time between the outer surface and
the center of the droplet is lowest for case 1 of Ste. Fig. 10(b) also
shows that the liquid fraction at all points gradually changes in case
of low sensible heat stimuli (270.15 K) which is a departure from the
trend shown by all the other 5 cases investigated in this study. These
differences in the relative freezing times between outer surface and the
center of the droplet for different Stefan numbers (and thus different
sensible heat stimuli) can be useful in design considerations of Phase-
Change Materials (PCMs), where it is important to determine the local
freezing times for efficient design.

It is also important to note that for low sensible heat stimuli
(Fig. 12), the droplet liquid fraction at the center does not change
sharply for enthalpy–porosity model, whereas the perturbation series
solution shows a sharp change. This is one of the shortcoming of
perturbation approach as it assumes a sharp interface between solid
and liquid phases regardless of the cooling potential of the source.

6. Conclusion

This study develops, verifies and validates a novel perturbation
series model for low Ste and radially symmetric droplet that evaluates
the phase-change behavior of a two-phase Stefan problem. The effects
of initial temperature and convective boundary conditions were cap-
tured in the perturbation series model which have not previously been
studied in the literature. Perturbation method is advantageous since
it is a rigorous mathematical homogenization method that allows for
obtaining the average behavior of the complex physical phenomena
as a closed-form solution. This allows for less computational time in
conducting parametric and design optimization studies as compared to
numerical methods. The series solution developed validates to within
4% accuracy for temperature profile at the droplet center and freezing
time, even with the first two terms of the perturbation series only, thus
demonstrating the advantage of developing asymptotic solution. These
perturbation series results developed for a finite, radially symmetric
problem are useful as they can be used as a subgrid model in a direct
numerical simulation for the process of crystal growth in a droplet [50]
to significantly speed up the computational process of crystal growth
simulations.

Our study also develops and validates an enthalpy–porosity fixed
grid phase-change model to investigate droplet freezing. Results from
the perturbation series and numerical model are further evaluated for
different cases of droplet initial temperature, Biot and Stefan numbers
calculated based on the realistic geometric and operational properties
of water droplets in spray freezing application. The analytical solution
is able to predict liquid and solid sub-cooling accurately for all con-
ditions. However, it is within 1%–10% accurate in predicting freezing
times depending on the Bi and Ste.

The solution tends to over predict freezing times for different cases
of Bi (and smaller droplet sizes) whereas it under predicts the freezing
times for different Ste. Results show that the discrepancy between
analytical and numerical results is more sensitive to the variability of
Stefan number as opposed to Bi (For the given range). The dependency
of initial droplet temperature on freezing times and sensible-cooling
regime is also demonstrated to good effect. Since the overall cases of
Bi and Ste are low for the spray freezing application, this shows that
the perturbation solutions developed in the limit of low Ste can be a
quick, useful tool to evaluate the thermal behavior for such systems

during the phase-change process. However, the study also highlights
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Fig. 7. Center temperature (a) and liquid fraction (b) evolution at Bi = 0.0286. The comparison between numerical solution (dashed lines) and perturbation series solution (solid
lines) is presented. In the subplot (b) different colors correspond to different points within the droplet. The black color corresponds to droplet center (𝑟 = 0), where as the red and
blue colors show the liquid fraction evolution at 𝑟 = 0.6 𝑎 and 𝑟 = 𝑎, respectively.

Fig. 8. Center temperature (a) and liquid fraction (b) evolution at Bi = 0.0421. The comparison between numerical solution (dashed lines) and perturbation series solution (solid
lines) is presented. In the subplot (b) different colors correspond to different points within the droplet. The black color corresponds to droplet center (𝑟 = 0), where as the red and
blue colors show the liquid fraction evolution at 𝑟 = 0.6 𝑎 and 𝑟 = 𝑎, respectively.

Fig. 9. Center temperature (a) and liquid fraction (b) evolution at Bi = 0.0562. The comparison between numerical solution (dashed lines) and perturbation series solution (solid
lines) is presented. In the subplot (b) different colors correspond to different points within the droplet. The black color corresponds to droplet center (𝑟 = 0), where as the red and
blue colors show the liquid fraction evolution at 𝑟 = 0.6 𝑎 and 𝑟 = 𝑎, respectively.
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Fig. 10. Center temperature (a) and liquid fraction (b) evolution at Ste = 0.0189. The comparison between numerical solution (dashed lines) and perturbation series solution (solid
lines) is presented. In the subplot (b) different colors correspond to different points within the droplet. The black color corresponds to droplet center (𝑟 = 0), where as the red and
blue colors show the liquid fraction evolution at 𝑟 = 0.6 𝑎 and 𝑟 = 𝑎, respectively.

Fig. 11. Center temperature (a) and liquid fraction (b) evolution at 𝑆𝑡𝑒 = 0.0754. The comparison between numerical solution (dashed lines) and perturbation series solution (solid
lines) is presented. In the subplot (b) different colors correspond to different points within the droplet. The black color corresponds to droplet center (𝑟 = 0), where as the red and
blue colors show the liquid fraction evolution at 𝑟 = 0.6 𝑎 and 𝑟 = 𝑎, respectively.

Fig. 12. Center temperature (a) and liquid fraction (b) evolution at 𝑆𝑡 = 0.126. The comparison between numerical solution (dashed lines) and perturbation series solution (solid
lines) is presented. In the subplot (b) different colors correspond to different points within the droplet. The black color corresponds to droplet center (𝑟 = 0), where as the red and
blue colors show the liquid fraction evolution at 𝑟 = 0.6 𝑎 and 𝑟 = 𝑎, respectively.
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the limitations of perturbation series solution in predicting liquid frac-
tions within different locations in the droplet since it assumes a sharp
phase-change interface.

Our perturbation series model is able to predict the supercooling
of the liquid droplet, provided the nucleation temperature is known
a priori. An interesting avenue of the future work in this area would
be to develop a separate framework for incorporating nucleation and
non-equilibrium thermodynamics of the crystallization process and
integrate it with the perturbation series solution of the equilibrium
Stefan problem. This would help with a continuous prediction of the
supercooling and recalescence phenomena for the droplet freezing
process that would yield in a uniformly valid solution at all times.
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